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Abstract

We state mean ergodic theorems with rates of approximation for a new class of operator

families. Our result provides a unified approach to convergence rates for many particular

strongly continuous solution families associated to linear evolution equations such as the

abstract Cauchy problem of the first and second order, and integral Volterra equations of

convolution type. We discuss in particular, applications to a-times integrated cosine families,

k-convoluted semigroups and integral resolvents.
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1. Introduction

The semigroup approach to the study of differential equations has motivated
versions of the classical ergodic theorems for families of operators such as cosine
functions, resolvent families, r-times integrated semigroups, and more generally for
r-times integrated solutions families [4,11,12,23]. Our aim is to develop the ergodic
theorems with rates of approximation for ða; kÞ-regularized families, a notion which
includes that of r-times integrated solution family as well as k-convoluted
semigroups, r-times integrated cosine families and integral resolvents among others
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for which, to our knowledge, rates of approximation and ergodic limits have not
been previously studied.

The results we present in this article are pretty much inspired by the works of
Shaw [18–20,22]; in particular, paper [23] and the references therein, also by the same
author. In [23], Shaw uses the notion of ergodic nets to deduce the strong ergodic
and uniform ergodic theorems with rates for r-times integrated solution families
associated to the linear Volterra equation of convolution type uðtÞ ¼ f ðtÞþ
Aða � uÞðtÞ; t40; obtaining convergence rates of ergodic limits and approximate
solutions of the equation Ax ¼ y:

We assume that X is a complex Banach space and let A be a closed linear
unbounded operator with domain DðAÞ defined on X : Consider an arbitrary
strongly continuous function R :Rþ-BðXÞ: Suppose that there exist constants
M;oX0 such that

jjRðtÞjjpMeot; tX0: ð1Þ

Then in such cases, the Laplace transform

R̂ðlÞx :¼
Z

N

0

e�ltRðtÞx dt :¼ lim
t-N

Z t

0

e�ltRðtÞx dt

exists for all lAC with Re l4o and all xAX and defines a bounded operator R̂ðlÞ
on X :

Definition 1. Let k; aAL1
locðRþÞ be Laplace transformable functions and assume there

is an oAR such that âðlÞa0 and k̂ðlÞa0 for all l4o: We call A the generator of an

ða; kÞ-regularized family if there exists a strongly continuous function R :Rþ-BðXÞ
such that (1) holds, 1

âðlÞArðAÞ for all l4o and

k̂ðlÞðI � âðlÞAÞ�1 ¼
Z

N

0

e�lsRðsÞ ds ð2Þ

for all l4o: In this case, R is called the ða; kÞ-regularized family generated by A:

In this paper, we study the behavior, as t-N; of the following family of bounded
and linear operators:

Atx :¼ 1

ðk � aÞðtÞ

Z t

0

aðt � sÞRðsÞx ds; xAX ; t40: ð3Þ

The family (3) corresponds to the generalized means of the ða; kÞ-regularized family
fRðtÞgtX0: In the following examples, we show that the ða; kÞ regularized resolvent

family fRðtÞgtX0 is well known for particular choices of the pair ða; kÞ:

Example 1. Suppose that aðtÞ ¼ 1 and kðtÞ ¼ 1: Then, fRðtÞgtX0 corresponds to a C0

semigroup generated by A (see [8]) and (3) is the Cesàro mean

Atx ¼ 1

t

Z t

0

TðsÞx ds; xAX ; t40: ð4Þ
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There is an extensive literature about the asymptotic behavior of (4) and its
consequences; see e.g. [1,3] and the references therein.

Example 2. If aðtÞ ¼ 1 and kðtÞ ¼ tn

n!; nAN0: Then fRðtÞgtX0 corresponds to an

n-times integrated semigroup (see [10]) and (3) is the average:

Atx ¼ ðn þ 1Þ!
tnþ1

Z t

0

RðsÞx ds; xAX ; t40: ð5Þ

Ergodic Theorems for n-times integrated semigroups have been studied in e.g. [21].

Example 3. If kðtÞ ¼ 1 and a is arbitrary, then fRðtÞgtX0 corresponds to a resolvent

family (see [17]) and the Cèsaro type means are

Atx ¼ 1

ð1 � aÞðtÞ

Z t

0

aðt � sÞRðsÞx ds; xAX ; t40; ð6Þ

whose rates of approximation and ergodic theorems are studied in [4,12].

Example 4. Let aðtÞ ¼ 1 and kðtÞ ¼ ta

Gðaþ1Þ; a4� 1: Then

Atx ¼ Gðaþ 2Þ
taþ1

Z t

0

RðsÞx ds; xAX ; t40 ð7Þ

is a type of means whose convergence rates and ergodic limits have been previously
considered by Shaw in [20, Theorem 5], and also ergodic properties, in case of a ¼ n;
in [19].

Example 5. Suppose that kðtÞ ¼ tr

Gðrþ1Þ; r40 and a is arbitrary. Then fRðtÞgtX0

corresponds to an r-times integrated resolvent family. The means are

Atx ¼ Gðr þ 1Þ
ðtr � aÞðtÞ

Z t

0

aðt � sÞRðsÞx ds; xAX ; t40: ð8Þ

The above-cited examples show us that the choices of the pair ða; kÞ classifies
different families of strongly continuous operators in BðXÞ; this fact can be used not
only to unify certain earlier results, but also to strengthen and extend these results
and to obtain new results. For instance, consider the following examples:

Example 6. Let aðtÞ ¼ t and kðtÞ ¼ ta

Gðaþ1Þ: Then, RðtÞ is the a-times integrated cosine

family and the means are

Atx ¼ Gðaþ 3Þ
taþ2

Z t

0

ðt � sÞRðsÞx ds; xAX ; t40: ð9Þ

The particular case a ¼ 1 was considered before by Cioranescu [5], in order to
characterize the infinitesimal generator of a strongly continuous sine function.
However, ergodic properties were not investigated.
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Example 7. Let aðtÞ 
 1 and k is arbitrary. Then, RðtÞ is a k-convoluted semigroup,
see [6,7]; those ergodic properties, to our knowledge, have not been previously
studied. In this case, the averages (3) are given by

Atx ¼ 1

ð1 � kÞðtÞ

Z t

0

RðsÞx ds; xAX ; t40: ð10Þ

Example 8. Let aðtÞ ¼ kðtÞ be arbitrary. In this case, RðtÞ is the integral resolvent and
our definition gives us a slight modification of the concept introduced in [17,
Definition 1.6].

The ergodic theorems developed in this article include all the above-cited examples
with their corresponding means ðAtÞt40: Furthermore, we give a new formulation of

the previous results obtained by Shaw [23] to study the convergence of ergodic
limits with rates for r-times integrated solution families; see Remark 3 at the end of
Section 2.

Henceforth, we assume the following conditions, which will be called
condition (C): Let aðtÞ be positive and kðtÞ nondecreasing and positive as well,
satisfying

ðC1Þ lim
t-N

kðtÞ
ðk � aÞðtÞ ¼ 0;

ðC2Þ sup
t40

kðtÞð1 � aÞðtÞ
ðk � aÞðtÞ oN;

ðC3Þ lim
t-N

ða � a � kÞðtÞ
ða � kÞðtÞ ¼ N:

Remark 1. The fact that kðtÞ is nondecreasing implies that ðk � aÞðtÞpð1 � aÞðtÞkðtÞ
for all tX0: Hence, 1

ð1�aÞðtÞp
kðtÞ

ðk�aÞðtÞ and then it follows that ð1 � aÞðtÞ-N as t-N; by

(C1). These remarks will be needed in the following sections.

2. Ergodic theorems with rates of approximation

We first recall the following definition due to Shaw from [18], and this will be the
main tool in the development of this article.

Definition 2. Suppose A is a closed linear operator with domain DðAÞ defined on a
complex Banach space X ; and let Aa and Ba be two nets of bounded operators on X

satisfying
(E1) supa jjAajjpM;
(E2) RðBaÞCDðAÞ and BaADABa ¼ I � Aa for all a;
(E3) RðAaÞCDðAÞ for all a and jjAAajj ¼ OðeðaÞÞ with eðaÞ-0;
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(E4) B�
ax

� ¼ jðaÞx� for all x�ARðAÞ> with jjðaÞj-N;
(E5) jjAayjj ¼ Oð f ðaÞÞ (resp. oð f ðaÞÞ) implies jjBayjj ¼ Oð f ðaÞ=eðaÞÞ (resp.

oð f ðaÞ=eðaÞÞ; where e and f are such that 0oeðaÞpf ðaÞ and f ðaÞ-0:
The net ðAaÞa is called an A-ergodic net and ðBaÞa is called the companion net.

Remark 2. The functions e and f act as estimators of the convergence rates of ðAaxÞa
and ðBayÞa; which, in practical applications, approximate the ergodic limit and the

solution of the equation Ax ¼ y; respectively.

Let xAX be given and define

Btx ¼ �1

ðk � aÞðtÞ

Z t

0

aðt � sÞ
Z s

0

aðs � rÞRðrÞx dr ds ð11Þ

for all t40: We will prove that ðAtÞt40 defined by (3) is A-ergodic and that ðBtÞt40 is

the companion net.
Under the hypothesis that kðtÞ is continuous, it was shown by Lizama [13]

(Proposition 3.1) that Definition 1 is equivalent to the following three
properties:

(R1) Rð0Þ ¼ kð0ÞI ;
(R2) RðtÞxADðAÞ and ARðtÞx ¼ RðtÞAx for all xADðAÞ and t40;
(R3)

RðtÞx ¼ kðtÞx þ
Z t

0

aðt � sÞARðsÞx ds ð12Þ

for all xADðAÞ and tX0:
In the sequel, we will always assume that kðtÞ is continuous.
Let P and B1 be the operators defined by

Px :¼ lim
t-N

Atx; B1y :¼ lim
t-N

Bty

on their maximal domains, respectively. The family fAtg is said to be strongly
(resp. uniformly) ergodic if DðPÞ ¼ X and Atx-Px as t-N for all xAX (resp.
jjAt � Pjj-0 as t-N:)

The rates of convergence of ergodic limits are characterized by means of the K-
functional and the relative completion, which we recall as follows:

Let X be a Banach space with norm jj � jjX and Y a submanifold with seminorm

jj � jjY : The K-functional is defined by

Kðt; xÞ :¼ Kðt; x;X ;Y ; jj � jjY Þ ¼ inf
yAY

fjjx � yjjX þ tjjyjjYg:

If Y is a Banach space with norm jj � jjY ; the completion of Y relative to X is

defined as

ỸX :¼ xAX : there exists fxmgCY such that lim
m-N

jjxm � xjjX ¼ 0
n
and sup

m
jjxmjjoN

�
:
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Since the operator B1 : DðB1ÞCRanðAÞ-RanðAÞ is closed, its domain DðB1Þ is a
Banach space with respect to the graph norm. Let B0 : DðB0ÞCKerðAÞ"
RanðAÞ-KerðAÞ"RanðAÞ be the operator B0ðx þ yÞ :¼ B1y; Hence, its domain
DðB0Þ is also a Banach space with respect to the graph norm, andg½DðB0Þ½DðB0ÞKerðAÞ"RanðAÞ ¼ KerðAÞ" g½DðB1Þ½DðB1ÞRanðAÞ:

Our first main result in this paper is the following:

Theorem 1 (Strong Ergodic Theorem with rates). Let A be the generator of an ða; kÞ-
regularized family fRðtÞgtX0 such that

jjRðtÞjjpMkðtÞ for all tX0:

Suppose that ðAtÞt40 and ðBtÞt40 are defined by (3) and (11), respectively. Then, under

condition (C) the following are satisfied:
(i) The mapping Px :¼ limt-N Atx is a bounded linear projection with RanðPÞ ¼

KerðAÞ; KerðPÞ ¼ RanðAÞ; and

DðPÞ ¼ KerðAÞ"RanðAÞ ¼ fxAX ; fAtg has a weak cluster pointg:

For 0obp1 and xAKerðAÞ"RanðAÞ; we have

jjAtx � Pxjj ¼ O
kðtÞ

ða � kÞðtÞ

� �b !

3K
kðtÞ

ða � kÞðtÞ; x;KerðAÞ"RanðAÞ;DðB0Þ; jj � jjB0

	 

¼ O

kðtÞ
ða � kÞðtÞ

� �b !
3xA g½DðB0Þ½DðB0ÞKerðAÞ"RanðAÞ ðin case b ¼ 1Þ:

(ii) B1y ¼ �limt-N
1

ða�kÞðtÞða � a � RÞðtÞy is the inverse operator A�1
1 of the

restriction A1 :¼ Aj
RanðAÞ of A to RanðAÞ; it has range RanðB1Þ ¼ DðAÞ-RanðAÞ

and domain DðB1Þ ¼ AðDðAÞ-RanðAÞÞ: Moreover, for each yADðB1Þ; B1y is the

unique solution of the functional equation Ax ¼ y in RanðAÞ; and we have for 0obp1;

1

ða � kÞðtÞ ða � a � RÞðtÞy þ A�1
1 y

���� �������� ���� ¼ O
kðtÞ

ða � kÞðtÞ

� �b !

3K
kðtÞ

ða � kÞðtÞ;B1y;RanðAÞ;DðB1Þ; jj � jjB1

	 

¼ O

kðtÞ
ða � kÞðtÞ

� �b !
3yAAðDðAÞ- g½DðB1Þ½DðB1ÞRanðAÞÞ ðin case b ¼ 1Þ:

(iii) RanðAÞ is not closed if and only if for every (some) 0obo1 there exists an

element ybARanðAÞ such that

jjAtybjj ¼ O
kðtÞ

ða � kÞðtÞ

� �b !
jjAtybjjao

kðtÞ
ða � kÞðtÞ

� �b ! !
:
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Proof. We will prove that the net ðAtÞt40 is A-ergodic and ðBtÞt40 is the companion

net, with

eðtÞ ¼ kðtÞ
ða � kÞðtÞ and f ðtÞ ¼ eðtÞb; 0obp1;

for all t40; according to Definition 2.
(E1) Since jjRðsÞjjpMkðsÞ for all sX0 and aðtÞ; kðtÞ are nonnegative functions, we

obtain

jjAtxjj ¼
1

ðk � aÞðtÞ

Z t

0

aðt � sÞRðsÞx ds

���� �������� ����
p

M

ðk � aÞðtÞ

Z t

0

aðt � sÞkðsÞ dsjjxjj

¼Mjjxjj

for all xAX and t40:

(E2) For xAX and tX0; define SðtÞx ¼
R t

0 aðt � sÞRðsÞx ds: Then, by (R2) we

obtain for all xADðAÞ that SðtÞxADðAÞ and ASðtÞx ¼ SðtÞAx: Then, BtxADðAÞ and
ABtx ¼ BtAx for all xADðAÞ and all tX0: Since RanðSðtÞÞCDðAÞ (see [13, Lemma
2.2]) and A is closed we get BtxADðAÞ for all xAX ; that is RanðBtÞCDðAÞ and
BtADABt for all tX0: On the other hand,

ABtx ¼ �1

ðk � aÞðtÞ

Z t

0

aðt � sÞ
Z s

0

aðs � rÞARðrÞx dr

� �
ds

¼ �1

ðk � aÞðtÞ

Z t

0

aðt � sÞ½RðsÞx � kðsÞx ds

¼ � Atx þ x:

Hence, ABt ¼ I � At for all tX0:
(E3) For all tX0; define the family of operators SðtÞ as in (E2) above. Since

RanðSðtÞÞCDðAÞ it follows that RðAtÞCDðAÞ for all tX0: Then using (C1) we
obtain

jjAAtjj ¼
1

ðk � aÞðtÞ

Z t

0

aðt � sÞARðsÞx ds

���� �������� ����
¼ RðtÞx � kðtÞx

ðk � aÞðtÞ

���� �������� ����
p ðM þ 1Þ kðtÞ

ðk � aÞðtÞ jjxjj-0þ as t-N:

Hence, jjAAtjj ¼ Oð kðtÞ
ðk�aÞðtÞÞ ¼ OðeðtÞÞ:

(E4) Let x�ANðA�Þ: Then

/x;R�ðtÞx�S ¼ x; kðtÞx� þ
Z t

0

aðt � sÞR�ðsÞA�x� ds

 �
¼/x; kðtÞx�S
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for all xAX : Thus, R�ðtÞx� ¼ kðtÞx� and hence, if we define jðtÞ ¼ �1
ðk�aÞðtÞ

R t

0 aðt �
sÞða � kÞðsÞ ds we obtain

B�
t x� ¼ �1

ðk � aÞðtÞ

Z t

0

aðt � sÞ
Z s

0

aðs � rÞR�ðrÞx� dr ds

¼ �1

ðk � aÞðtÞ

Z t

0

aðt � sÞ
Z s

0

aðs � rÞkðrÞ dr ds

� �
x�

¼ �1

ðk � aÞðtÞ

Z t

0

aðt � sÞða � kÞðsÞ ds

� �
x�

¼jðtÞx�;

where, in view of (C3),

jjðtÞj ¼ ða � a � kÞðtÞ
ðk � aÞðtÞ -N as t-N:

(E5) Let yAX be such that

jjAtyjjpMðyÞ kðtÞ
ðk � aÞðtÞ

� �b
; 0obp1;

and define f ðtÞ ¼ eðtÞb: Since
kðtÞ

ðk�aÞðtÞ-0 as t-N implying that ð kðtÞ
ðk�aÞðtÞÞ

1�bp1 for

large t and 0obp1: Thus, 0oeðtÞpf ðtÞ as t-N; and

jjBtyjj ¼
1

ðk � aÞðtÞ

Z t

0

aðt � sÞðk � aÞðsÞ
��������
� 1

ðk � aÞðsÞ

Z s

0

aðs � rÞRðrÞy dr

	 

ds

��������
¼ 1

ðk � aÞðtÞ

Z t

0

aðt � sÞðk � aÞðsÞAsy ds

���� �������� ����
p

1

ðk � aÞðtÞ

Z t

0

aðt � sÞkðsÞeðsÞb�1
ds

	 

MðyÞ

¼ 1

ðk � aÞðtÞ

Z t

0

aðt � sÞkðsÞeðsÞb�1
eðtÞ1�b

ds

	 

eðtÞb�1

MðyÞ

¼ 1

ðk � aÞðtÞ

Z t

0

aðt � sÞkðsÞ kðsÞ
ða � kÞðsÞ

	 
b�1 ða � kÞðtÞ
kðtÞ

	 
b�1

ds

 !
� eðtÞb�1

MðyÞ

¼ 1

ðk � aÞðtÞ

Z t

0

aðt � sÞkðsÞ kðsÞ
kðtÞ

	 
b ða � kÞðsÞ
ða � kÞðtÞ

	 
1�b
kðtÞ
kðsÞ ds

 !
� eðtÞb�1

MðyÞ
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for all t40: Note that t-ða � kÞðtÞ and t-kðtÞ are nondecreasing. Hence, for

0obp1 we have ðða�kÞðsÞ
ða�kÞðtÞÞ

1�bp1 and ðkðsÞ
kðtÞÞ

bp1 whenever 0osot: In view of (C2) we

get that the last equation is bounded by eðtÞb�1
MðyÞ: Hence, jjBtyjj ¼ OðeðtÞb�1Þ:

Finally, applying the abstract Strong Ergodic Theorem from [18] and Theorems 1
and 2 from [22] concerned with optimal convergence and non-optimal convergence
rates of ergodic limits, we obtain the assertions of the theorem. &

A Banach space X is called a Grothendieck space if every weakly� convergent
sequence in X � is weakly convergent and is to said to have the Dunford–Pettis

property if every weakly compact operator from X to any Banach space maps weakly
compact sets into norm compact sets. The spaces LN; HN; and BðS;SÞ are
particular examples of Grothendieck spaces with the Dunford–Pettis property.

Let A be an operator on X ; and let Y be a closed subspace of X : The part of A in
Y is the operator AY on Y defined by

DðAY Þ :¼ fyADðAÞ-Y : AyAYg;

AY y :¼ Ay:

Theorem 2 (Uniform Ergodic Theorem). Let A be the generator of an ða; kÞ-
regularized family fRðtÞgtX0 such that

jjRðtÞjjpMkðtÞ for all tX0;

then

(a) Under condition (C1) the following assertions are equivalent:
(i) fAtg is uniformly ergodic;
(ii) jjBt j RanðAÞjj ¼ Oð1Þ;
(iii) B1 is bounded and jjBt j RanðAÞ � B�1

1 jj-0 as t-N;
(iv) RanðAÞ is closed;

(v) RanðA2Þ is closed;
(vi) X ¼ KerðAÞ"RanðAÞ:
Moreover, the convergence of the limits has order Oð kðtÞ

ða�kÞðtÞÞ:
(b) Assume condition (C) and if DðAÞ is a Grothendieck space with the Dunford–

Pettis property, and DðAÞCDðPÞ; then jjAtjDðAÞ � Pj
DðAÞjj ¼ Oð kðtÞ

ða�kÞðtÞÞ:

Proof. Under condition (C1), we have that (E1)–(E3) are satisfied. Thus assertions in
(a) follow from the Uniform Ergodic Theorem stated in [19, Theorem 1].

To prove (b), it suffices to show that the part of A in DðAÞ has dense domain in

DðAÞ and hence, the assertion follows from Shaw [23, Theorem 2.3]. In fact, let
xADðAÞ; then by (R2) we have that AtxADðAÞ for all t40: Moreover, by (R3),

AAtx ¼ 1

ða � kÞðtÞ RðtÞx � kðtÞ
ða � kÞðtÞ xADðAÞ:

C. Lizama, H. Prado / Journal of Approximation Theory 122 (2003) 42–6150



Hence, AtxADðA
DðAÞÞ: On the other hand, note that for xADðAÞ;

RðtÞ
kðtÞ x � x

���� �������� ����p 1

kðtÞ

Z t

0

aðt � sÞjjRðsÞAxjj ds

pM

Z t

0

aðt � sÞ kðsÞ
kðtÞ dsjjAxjj

pM

Z t

0

aðsÞ dsjjAxjj;

since kðsÞ=kðtÞp1 whenever spt: Thus, for all xADðAÞ; RðtÞ
kðtÞ x-x as t-0þ: Hence,

given e40 there is t040 such that

jjAtx � xjj ¼ 1

ða � kÞðtÞ ða � RÞðtÞx � x

���� �������� ����
¼ 1

ða � kÞðtÞ ½ða � RÞðtÞx � ða � kÞðtÞx
���� �������� ����

¼ 1

ða � kÞðtÞ

Z t

0

aðt � sÞ½RðsÞx � kðsÞx ds

���� �������� ����
p

1

ða � kÞðtÞ

Z t

0

aðt � sÞkðsÞ RðsÞ
kðsÞ x � x

���� �������� ���� dsoe;

whenever tot0: &

Proposition 1. Suppose that A is the generator of an ða; kÞ-regularized family

fRðtÞgtX0; where aðtÞ and kðtÞ are Laplace transformable and âðlÞa0; k̂ðlÞa0 for all

Re l40: Assume also that condition (C1) is satisfied and

jjRðtÞjjpMkðtÞ for all tX0:

If âðlÞ has a pole in Cþ; then X ¼ KerðAÞ"RanðAÞ; and all the assertions in part (a)
of the uniform ergodic theorem are always true.

Proof. Let l0ACþ be a pole of âðlÞ of order n: Then there is an E40 such that
V :¼ fzAC: 0ojzjoEgCrðAÞ: For all l near to l0; we have

1

âðlÞ � A

	 
�1
�����

�����
�����

����� ¼ jjâðlÞðI � âðlÞAÞ�1jj

¼ âðlÞ
k̂ðlÞ

R̂ðlÞ
�����

�����
�����

�����
pMjâðlÞj:

Hence, for all zAV ;

jjðz � AÞ�1jjpM=jzj:
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Thus, zero is at most a pole of order 1 of ðz � AÞ�1: Now the claim follows from [24,
Chapter VIII.8] and Theorem 2. &

Remark 3. We point out that we can take control of the approximation rates in
Theorem 2 above by taking m-times the convolution product of aðtÞ with itself.
Towards this end, let mAN be given and define

a1ðtÞ :¼ aðtÞ; amðtÞ :¼ ða � a �? � aÞðtÞ for mX2:

If we replace in Eq. (3) the function aðtÞ by amðtÞ then, whenever RðtÞ is an ða; kÞ-
regularized family, we obtain the means

Am
t x ¼ 1

ðk � amÞðtÞ

Z t

0

amðt � sÞRðsÞx ds t40; xAX

and

Bm
t x ¼ �1

ðk � amÞðtÞ

Z t

0

amþ1ðt � sÞRðsÞx ds t40; xAX :

In particular, for kðtÞ ¼ tr

Gðrþ1Þ we recover the approximation processes QmðtÞ
defined by Shaw in [23, p. 364] (see also [11]), and the condition (C) can be stated as
follows:

(Cm) For a fixed mAN; suppose that aðtÞ is positive and kðtÞ is nondecreasing and
positive, satisfying

lim
t-N

kðtÞ
ðk � amÞðtÞ

¼ 0;

sup
t40

kðtÞð1 � amÞðtÞ
ðk � amÞðtÞ

oN;

and

lim
t-N

ða2m � kÞðtÞ
ðam � kÞðtÞ ¼ N:

It is not difficult to see that if fRðtÞgtX0 is an ða; kÞ-regularized family such that

jjRðtÞjjpMkðtÞ; tX0;

then under conditions (Cm) the hypothesis (E1)–(E5) are satisfied. Thus, all the
conclusions in this section remain true with the modifications indicated above.

An Example. Let X :¼ C½0; 1 and let A : DðAÞ-X be defined by Af ¼ f 0 where

DðAÞ :¼ ffAC1½0; 1: f ð0Þ ¼ f ð1Þg: Let fAX ; then

f ðxÞ ¼
Z 1

0

f ðsÞ ds þ A

Z x

0

f ðsÞ �
Z 1

0

f ðtÞ dt

	 

ds

� �
:

Moreover, for fAKerðAÞ-RanðAÞ; Af ¼ 0 and f ¼ Ag ¼ g0; gADðAÞ: But f 0 ¼ 0
and g0 ¼ f implies f ðxÞ ¼ c and g0ðxÞ ¼ c: We conclude that gðxÞ ¼ cx: On the other
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hand, gADðAÞ implies 0 ¼ gð0Þ ¼ gð1Þ ¼ c: Therefore, c ¼ 0; showing that f ðxÞ ¼ 0:
Hence, we obtain that KerðAÞ-RanðAÞ ¼ f0g and

X ¼ KerðAÞ"RanðAÞ:

In particular, we have

Pð f ÞðtÞ ¼
Z 1

0

f ðsÞ ds for all tA½0; 1:

It is not difficult to see that A is the generator of a once-integrated semi-
group fSðtÞgtX0 with jjSðtÞjjpMt for all tX0: Let aðtÞ be real and positive.

Also suppose that aðtÞ is a completely positive kernel (see [17] for definitions).
Then, by [13, Theorem 3.7], A is the generator of a ða; kÞ-regularized family
fRðtÞgtX0 where

kðtÞ ¼ ð1 � aÞðtÞ:

Clearly, kðtÞ is positive and nondecreasing. Hence, assuming that

lim
t-N

ð1 � aÞðtÞ
ð1 � a � aÞðtÞ ¼ 0;

we have by (a) of Theorem 2,

lim
t-N

1

ð1 � a � aÞðtÞ

Z t

0

aðt � sÞðRðsÞf ÞðtÞ ds ¼
Z 1

0

f ðsÞ ds; tA½0; 1:

3. Abelian ergodic theorems with rates of approximation

Assume that aðtÞ and kðtÞ are of subexponential growth, i.e.
R
N

0
e�etaðtÞ dtoN for

all e40: Then âðlÞ; the Laplace transform of aðtÞ (resp. kðtÞ) exists for all l40: In

the sequel, we suppose that âðlÞa0 and k̂ðlÞa0 for all l40:

Assume 1
âðlÞArðAÞ for all Re l40 and define the nets

Al :¼
1

âðlÞ
1

âðlÞ � A

	 
�1

for all l40

and

Bl :¼ � 1

âðlÞ � A

	 
�1

for all l40:

Note that under condition (C1), we have liml-0þ
1

âðlÞ ¼ 0; since liml-0 âðlÞ ¼
limt-N ð1 � aÞðtÞ ¼ N by Remark 1. Thus, 0ArðAÞ: Also by the positivity of kðtÞ;
k̂ð0Þa0 and hence sup0olp1

1

k̂ðlÞ
oN:
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Proposition 2. Suppose A is the generator of an ða; kÞ-regularized family fRðtÞgtX0

such that

jjRðtÞjjpMkðtÞ for all tX0:

Then, under (C1), the net ðAlÞl40 is A-ergodic and ðBlÞl40 is the companion net, with

eðlÞ ¼ 1

âðlÞ and f ðlÞ ¼ eðlÞb; 0obp1;

for all l40:

Proof. To show (E1) note that jjRðtÞjjpMkðtÞ: Then jjR̂ðlÞjjpMk̂ðlÞ for l40:
Moreover,

ðI � âðlÞAÞR̂ðlÞ ¼ k̂ðlÞI ; l40;

by Definition 1. Hence,

Al ¼
R̂ðlÞ
k̂ðlÞ

;

thus jjAljj ¼ jjR̂ðlÞjj
k̂ðlÞ

pM; for l40: On the other hand, Bl ¼ �âðlÞAl: Hence,

BlA þ Al ¼ � âðlÞAlA þ Al

¼AlðI � âðlÞAÞ

¼ 1

âðlÞ
1

âðlÞ � A

	 
�1

ðI � âðlÞAÞ

¼ I

on DðAÞ: Since A commutes with Bl and Al; it follows that BlADI � Al for l40;
and (E2) follows.

To prove (E3), note that by Definition 1

AAl ¼
1

âðlÞ ðAl � IÞ:

Then jjAAljjpðM þ 1Þ 1
âðlÞ ¼ ðM þ 1ÞeðlÞ; where eðlÞ ¼ 1

âðlÞ-0 as l-0 by (C1) and

Remark 1.
To show (E4), note that

Bl � âðlÞABl ¼ðI � âðlÞAÞBl

¼ � âðlÞ 1

âðlÞ � A

	 

1

âðlÞ � A

	 
�1

¼ � âðlÞI :
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Thus, Bl ¼ �âðlÞðI � ABlÞ: Now for x�ARanðAÞ> and xAX it follows that

/x;B�
lx

�S ¼/Blx; x�S

¼ � âðlÞ/ðI � ABlÞx; x�S

¼ � âðlÞ/x; x�Sþ âðlÞ/ABlx; x�S

¼ � âðlÞ/x; x�S:

Hence, B�
lx

� ¼ �âðlÞx� for x�ARanðAÞ> and since liml-0þ âðlÞ ¼ N; the proof of

(E4) follows.

To show (E5), assume that jjAljjpMf ðlÞ; where f ðlÞ :¼ eðlÞb ð0obp1Þ: Notice

that 0oeðlÞpf ðlÞ since 1
âðlÞ-0 as l-0þ obtaining that ð 1

âðlÞÞ
1�bo1:

Since Bl ¼ �âðlÞAl;

jjBljj ¼ âðlÞjjAljj

pMâðlÞf ðlÞ

¼M
f ðlÞ
eðlÞ:

Hence, jjBljj ¼ Oðf ðlÞ
eðlÞÞ: Now if jjAljj ¼ oð f ðlÞÞ as l-0þ; then

1

âðlÞf ðlÞ jjBljj ¼
1

f ðlÞ jjAljj-0

as l-0þ: Hence,

jjBljj ¼ oðâðlÞf ðlÞÞ

¼ o
f ðlÞ
eðlÞ

	 

as l-0þ: &

Applying Proposition 2 together with Theorems 1 and 2 of [22] and 2.3 of [23], we
obtain

Theorem 3 (Strong Ergodic Theorem with rates). Let A be the generator of an ða; kÞ-
regularized family fRðtÞgtX0 such that condition (C1) is satisfied and

jjRðtÞjjpMkðtÞ for all tX0:

Then

(i) For 0obp1 and xAKerðAÞ"RanðAÞ; we have

jjAlx � Pxjj ¼ Oð½âðlÞ�bÞ

3Kð½âðlÞ�1; x;KerðAÞ"RanðAÞ;DðB0Þ; jj � jjB0
Þ ¼ Oð½âðlÞ�bÞ

3xA g½DðB0Þ½DðB0ÞKerðAÞ"RanðAÞ ðin case b ¼ 1Þ:
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(ii) For each yADðB1Þ and 0obp1; we have

jjAly þ A�1
1 yjj ¼ Oð½âðlÞ�bÞ

3Kð½âðlÞ�1;B1y;RanðAÞ;DðB1Þ; jj � jjB1
Þ ¼ Oð½âðlÞ�bÞ

3yAAðDðAÞ- g½DðB1Þ½DðB1ÞRanðAÞÞ ðin case b ¼ 1Þ:

(iii) RanðAÞ is not closed if and only if for every (some) 0obo1 there exists an

element ybARanðAÞ such that

jjAlybjj ¼ Oð½âðlÞ�bÞ and jjAlybjjaoð½âðlÞ�bÞ:

Theorem 4 (Uniform Ergodic Theorem). Let A be the generator of an ða; kÞ-
regularized family fRðtÞgtX0 such that condition (C1) is satisfied and

jjRðtÞjjpMkðtÞ for all tX0:

Then

(a) the following assertions are equivalent

(i) DðPÞ ¼ X and jjAl � Pjj-0 as t-N;
(ii) jjBl j RanðAÞjj ¼ Oð1Þ;
(iii) B1 is bounded and jjBl j RanðAÞ þ A�1

1 jj-0 as t-N;
(iv) RanðAÞ is closed;

(v) RanðA2Þ is closed;
(vi) X ¼ KerðAÞ"RanðAÞ:
Moreover, the convergence of the limits has order Oð½âðlÞ�1Þ:
(b) If DðAÞ is a Grothendieck space with the Dunford–Pettis property, and if

DðAÞCDðPÞ; then jjAljDðAÞ � Pj
DðAÞjj ¼ Oð½âðlÞ�1Þ:

4. Application to r-times integrated solution families

A family fRðtÞgtX0 in BðX Þ is called an r-times integrated resolvent family if

fRðtÞgtX0 satisfies Definition 1 with kðtÞ ¼ tr

Gðrþ1Þ (see [2,16] for the case r ¼ nAN and

[23] for the general case).
The r-times integrated solution families allow one to find and study the behavior

of the solution for the following integral equation:

uðtÞ ¼ f ðtÞ þ
Z t

0

aðt � sÞAuðsÞ ds; tX0; ð13Þ

where fAL1ðRþ;XÞ: Ergodic properties of r-times integrated resolvent families have
been discussed in the paper [23]. In this section, we recover Shaw’s results in terms of
the following means of Cesàro type (see Remark 3):

Am
t x ¼ Gðr þ 1Þ

ðtr � amÞðtÞ

Z t

0

amðt � sÞRðsÞx ds; t40; xAX ;
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with companion net

Bm
t x ¼ �Gðr þ 1Þ

ðtr � amÞðtÞ
ðamþ1 � RÞðtÞx; t40; xAX :

Observe that condition (C) now takes the form

ðCmÞ0 aðtÞ is positive and, for fixed mAN;

lim
t-N

tr

ðtr�2 � amÞðtÞ
¼ 0;

lim
t-N

trð1 � amÞðtÞ
ðtr � amÞðtÞ

oN;

lim
t-N

ðtr � a2mÞðtÞ
ðtr�2 � amÞðtÞ

¼ N:

Now, applying Theorem 1 we can state the following strong ergodic theorem with
rates (see Shaw [23, Theorem 3.2, p. 365]).

Theorem 5. Let fRðtÞgtX0 be an r-times integrated solution family for Eq. (13)

satisfying

jjRðtÞjjpMrt
r for all tX0

and assume condition ðCmÞ0: Then the same conclusions of Theorem 1 are true, with

Px ¼ lim
t-N

Am
t x

for all xADðPÞ ¼ KerðAÞ"RanðAÞ; and

B1y ¼ � lim
t-N

Gðr þ 1Þ
ðam � trÞðtÞ ðamþ1 � RÞðtÞy

for all xADðB1Þ ¼ AðDðAÞ-RanðAÞÞ: Moreover, the rate of convergence has order
tr

ðam�trÞðtÞ:

Recall that a p-times integrated semigroup ðpAN0Þ is called tempered if

jjRðtÞjjpctp ðtX0Þ

for some cX0: A direct application of the above results is the following:

Proposition 3. Let fRðtÞgtX0 be an r-times integrated tempered semigroup with

generator A: Then for fixed mAN we have that the limit

Px ¼ lim
t-N

Gðr þ m þ 1Þ
GðmÞ

1

tmþr

Z t

0

ðt � sÞm�1
RðsÞx ds
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exists for all xAKerðAÞ"RanðAÞ and is a bounded linear projection with

Gðr þ m þ 1Þ
GðmÞ

1

tmþr

Z t

0

ðt � sÞm�1
RðsÞx ds � Px

���� �������� ���� ¼ O
1

tm

	 

;

for all xAKerðAÞ"RanðAÞ:

5. Application to k-convoluted semigroups

The notion of KðtÞ-convoluted semigroups and local-convoluted semigroups was
introduced in 1995 by Cioranescu [6] and Cioranescu and Lumer [7]. The concept
seems easier to handle than distribution and ultradistribution semigroups to which
they turn out to be equivalent. In this section, by making use of our results, we are
able to develop the corresponding ergodic theory.

In our terminology, a kðtÞ-convoluted semigroup corresponds to a ðk; 1Þ-
regularized family fRðtÞgtX0:

Our main results in this section can be stated as follows:

Theorem 6. Let A be the generator of a k-convoluted semigroup fRðtÞgtX0 satisfying

jjRðtÞjjpMkðtÞ for all tX0

and assume that kðtÞ is positive and nondecreasing and such that ðCÞ is satisfied. More

precisely let

lim
t-N

kðtÞ
ð1 � kÞðtÞ ¼ 0;

sup
t40

tkðtÞ
ð1 � kÞðtÞoN;

lim
t-N

ðt � kÞðtÞ
ð1 � kÞðtÞ ¼ N:

Then the same conclusions of Theorem 1 are valid where

Px :¼ lim
t-N

1

ð1 � kÞðtÞ

Z t

0

RðsÞx ds

for all xADðPÞ ¼ KerðAÞ"RanðAÞ;

B1y ¼ � lim
t-N

1

ð1 � kÞðtÞ

Z t

0

ðt � sÞRðsÞy ds

for all yADðB1Þ ¼ AðDðAÞ-RanðAÞÞ: Moreover, the rate of convergence of the limits

has order
kðtÞ

ð1�kÞðtÞ:
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Theorem 7 (Uniform Ergodic Theorem). Let A be the generator of a k-convoluted

semigroup fRðtÞgtX0 satisfying

jjRðtÞjjpMkðtÞ for all tX0;

and assume (C). Then assertions (a) and (b) of Theorem 2 are true, with aðtÞ ¼ 1:

Regarding the abelian ergodic theorems for k-convoluted semigroups, we notice

that there is no dependence on the function kðtÞ for the ergodic nets Al :¼
lðl� AÞ�1 and Bl :¼ �ðl� AÞ�1; l40; by the general definition given in Section 3.
Moreover, the rate of convergence depends only on the asymptotic behavior of

âðlÞ ¼ 1
l as l-N: Thus, the corresponding abelian ergodic theorems for the

generator A yield the same type of results as in the semigroup case.

6. Application to integral resolvents

We consider the integral equation

RðtÞx ¼ aðtÞx þ A

Z t

0

aðt � sÞRðsÞx ds; tX0: ð14Þ

A solution of (14) is called integral resolvent for the Volterra equation

uðtÞ ¼ f ðtÞ þ
Z t

0

aðt � sÞAuðsÞ ds; tX0; ð15Þ

where fACðRþ;XÞ; see [17] and the references therein.
Suppose RðtÞ is an integral resolvent for (15). Then

uðtÞ ¼ f ðtÞ þ A

Z t

0

Rðt � sÞf ðsÞ ds; tX0; ð16Þ

yields a mild solution to (15).
Integral resolvents have been studied extensively in the finite-dimensional case,

where it is usually called the resolvent for (15); see, e.g. the monograph by
Gripenberg et al. [9]. For equations with unbounded operators in infinite
dimensions, the theory has been developed by many authors; see, e.g., [17, Theorem
1.4 and Section 10.6], and also the recent works [14,15]. Note that, in our
terminology, an integral resolvent corresponds to an ða; aÞ-regularized family.

Following the same arguments as in the sections above, we can state ergodic
theorems with rates for integral resolvents. The ergodic net is given by

Atx :¼ 1

ða � aÞðtÞ

Z t

0

aðt � sÞRðsÞx ds; xAX ; t40 ð17Þ

with companion net

Btx ¼ �1

ða � aÞðtÞ

Z t

0

aðt � sÞ
Z s

0

aðs � rÞRðrÞx dr ds; xAX ; t40:
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Also, the estimator of the convergence rate of At is

eðtÞ ¼ aðtÞ
ða � aÞðtÞ:
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